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VORTICAL FLOWS AND CANONICAL EQUATIONS OF MOTION OF A MAGNETIZABLE,
PERFECTLY CONDUCTING FLUID

V.B. GORSKII

The classical Kelvin's circulation theorem and Helmholtz theory on the
motion of vortex lines with the fluid and conservation of the strength

of vortex tubes are generalized to the case of the vortical adiabatic flows
of a magnetizable, perfectly conducting fluid. Canonical variables are
found and canonical Hamiltonian equations of motion are obtained.

1. The equation of motion of the fluid in question has the form*¥*(**Golosov V.V.,
vasil'eva N.L., Taktarov N.G. and Shaposhnikova G.A. Hydrodynamic equations for polarizable,
magnetizable, multicomponent and multiphase media. Discontinuous solutions. Study of
discontinuous solutions with a jump in magnetic permeability. Moscow, Izd-vo MGU, 1975)

dv By . B
pgr =—Vr+3x VH,,+[JXT]? (1.1)

): 4
1 a
P=P°+Tn'g [u—p(ﬁ)rﬂ]ﬂdﬂ

0
where j-is the electric current density, B= p(p, T, H) H 1is the magnetic induction, T is the
temperature, po is the pressure of the normal fluid without the magnetic field, and the
remaining notation is standard. We will use below the Gibbs thermodynamic identities for a
magnetizable medium

P B dp B
dU=TdS+de+Hd—EP-, d‘V=TdS+T+Hd—4—:TP— (1.2)

o=t fun s {[1(3), , ] man
0

H
1 op op
W=Wot 455 {HB + S [T<_0—)p.a“p(\ 2 )T,H] HdH
[1]

H
1 ap
S=S0+WS('§'T—)0‘HH¢1H
[}

Here U, W,S denote, respectively, the internal energy, enthalpy and entropy per unit
mass of the fluid, and the zero subscripts denote the parameters without a magnetic field.
Using relations (1.2) we can write (1.1) in the form

v
*prikl.Matem,Mekhan.,50,3,509-512,1986
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av v HB 1 .
—at—~[vxrotv]=TdS—V<T+W—Tnp-)+$[)><3] {1.3)
Let us take the curl of (1.3), remembering that j="{c/4n)rot H. Introducing now the operator
Helm @ = do/dt — (0V) v + @ divy, @ =rot v, we can reduce the result to the form

B
Helm @ = VT x VS — rot [Tn? X rot H] (1.4

According to Friedman's theorem /1/ the necessary and sufficient condition for the
Helmholtz theorems on the motion of vortex lines with the fluid and conservation of the strength
of vortex tubes to be satisfied is the condition Helme® =0, i.e. according to (1.4), the
condition

VP X VS =rot [TB‘EXrotH] (1.5)

On the other hand, we know that the rate of change of the circulation T of the velocity
vector v over a closed contour C, moving together with the fluid, is equal to /2/

dar d d *
T=T§vdr=—d; SSrotvda:SSHelmud:
[} ) g

where dr is the element of the tangent to C and ¢ denotes the surface bounded by the contour
C. Substituting into it the expression Helme from (1.4) we find, that in order to preserve
the circulation of velocity over the closed contour (Kelvin's theorem) when the fluid is in
continuous motion, condition (1.5) is necessary and sufficient, just as in the Helmholtz
theorems. 1In the special case of ideal magnetohydrodynamics we obtain from (1.5), when p=
const = 1, the. well-known analogous condition /3/.

Condition (1.5) represents a very strong constraint. We can also show here that a generalized
vorticity exists for the medium for which the vorticity theorems considered here hold without
the strict condition (1.5). We will show this blow, using the variational formulation of the
problem.

2., The variational formulation of the problem concerning the motions in question of the
magnetizable conducting fluid, was given in /4/. Let us modify it slightly.
We take the density ! of the Lagrangian in the form

v3 [ a8
l=-£2-——pU+q;(T:) +divpv)—a(7+v-vs)—

B +v-ve) +yaivm b [ G —r v x 3]

where a is an arbitrary Lagrangian coordinate of the fluid particle and '¢,e,f,y,b are the
Lagrange multipliers. Carrying out the identity transformation and neglecting the divergent
terms and terms containing the partial time derivatives, we obtain
pv? 1) da ap ob
h=-g-—oU—o5 +8% +a-5f—3<-a7 +Vv)— (2.4)
v(pVep + aVS +pfVa + B X rot b)

Taking the variational derivatives in !, over the free functions v, p, S, s, B/(4np) and
equating them to zero, we obtain the conditions of stationarity, which represent the Lagrangian
equations of motion

%=o, v=Vq>+—:-VS+-£—-Va+[%xroth] 2.2)
—%%‘=o, VT"W_%‘F%::I:O (2.3)
ta=0, g(Z)=r (2.4)
o, -:T(—g—)=0 (2.5)
6—(3/%;5)—=0, T‘i—:[vxrotb]-—(%+V1’) (2.8)

It can be shown that we can reduce the equations (2.2)—(2.6) to the equations of motion
(1.1) by eliminating the Lagrange multipliers ¢,a, 8,7 b.

Let us now introduce, with help of the generalized Klebsch transformation (2.2), the
generalized velocity u and vorticity @
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o B -
n:v-—--—g}-—\"Sf [—D——xroth, Q —=rotu (2.7

Using (2.7), the induction eguation in the form 4{B/pYdi= (p)'Bv.¥)v and the vector identity
for three arbitrary vectors a, a, as

a; X rot (ag X ag) 4~ a; X rot (ag X ay) - az X rot (a; X az) =
grad {a; [ax X as]} < (ar X a3) div a3 - (az X ag) div a; - (ag X ay) divay

we reduce the egquations of motion (1.1} to the quasibarotropic form
du [ . - BH
——-—...{w<s:1+v{ W o a; +[v><rotb1 W}:—-G (2.8)

Taking the curl of (2.8), we obtain Helm 2 = 0. This means that the Kelvin and Helmholtz
theorems considered here hold for the generalized vorticity € without the strict condition
{(L.5). The same result was obtained in standard hydrodynamics by a different method in /5, 6,
7/

3. Let us find the canonical Hamiltonian equations of motion of a magnetizable, perfectly
conducting compressible fluid. To do this we transform I, {2.1) thus

-2 . a ) a
W T e S e
, 2 L. LA ) LA
p\(Vq)+ P VS + ° Va + p X roth )b EM
(bB)

+ ydivB— div {vB)

Using {(2.2) here and neglecting terms containing time derivatives and the divergent term,
we arrive at the expression

1
lp=— thp+aVS+BVa+B><rotb)*—~pU o+ =5 m —|—S +a de + b al

This yields the densities of generalized impulses determined by the formula mng == 8l/dq .
where ¢ = p. o, §, B. Thus we obtain

al ol, al, aly

=g =@ =T =8, T = g =4, s =zg- =b

The density h of the Hamiltonian if given by the foxrmula
aq,, 1 . y
h=ZﬂkT —Lga“ﬁ;(qu>+aVS+ﬂVa+BX rot b)2 4 plf

i.e., it is the total enexgy density of the fluid.

‘According to classical theory /8/ the canonical equations of motion of a continuum are
given in the form aqy/ot = 6h/bny, dnk/6t = —O6h/8qx. Therefore we obtain the following canonical
equations for the fluid in question:

Z’? =§:~=—di\’(m’)' aa—{f: M T"‘ Vo —W +T" 3.4
%?—:—2%‘: 7 — div {av), %‘f:-——g%=—vvvs (3.2)
%‘3 = gz = —div(pv), -%%:—%‘—zwv-va {3.3)
%zg—:::mt[vxfi}, E%-:——g—g-=[vxrutb]-—<Vy+A%) (3.4)

We see that (3.1) corresponds to the equation of continuity and Eq.{2.3}, which is in
fact the Lagrange-Cauchy integral. Egs.{(3.2) are equivalent to (2.4} and the condition of
adiabaticity (3.3) corresponds to (2.5) and condition of conservation of the Lagrangian
coordinate of the fluid particle. Finally, (3.4) are equivalent to the induction equation
and (2.6).

We note that in order to find the variational derivatives 8n/8h, 8k/6B, we write h in the
form h = v {pVp +aVsS + fVa -+ B X rot by — pv¥/2 -1 p/. Moreover, when calculating &/6B, we add to h
the zero term (—ydivB) and the divergent term div(yB), which is allowed.

The resulting Hamiltonian formalism is useful for the fluid in guestion in many ways.
The introduction of canonical variables makes it possible to establish certain general rules
governing the wave intergction in non~linear media, to derive truncated equations describing,
with various degrees of approximation, simplified models of non-linear media, and pass in a
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natural manner to the relativistic and quantum theory generalizations /8/. 1In addition, the
canonical Hamiltonian formulation of hydrodynamic problems is found to be convenient in the
case of numerical calculations /9/.

The author thanks Yu.I. Neimark for his interest.
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SLOW MOTION CF A PARTICLE IN A WEAKLY ANISOTROPIC VISCOUS FLUID

V.N. POKROVSKII and A.A. TSKHAI

The problem of the steady flow past a rigid sphere of a linear, homogeneous
weakly anisotropicviscous incompressible fluid is studied in the Stokes
approximation. The solution is sought using the perturbation method and
has the form of an expansion in particular solutions of the Laplace equation
in Cartesian coordinates. Expressions for the velocity and pressure

fields in the fluid are obtained, as well as for the force acting on the
particle.

When studying certain systems such as liquid crystals, we encounter the problem of
determining the coefficients of resistance when a particle is in translational and rotational
motion through an anisotrepic fluid. The simplest case of such a fluid is a linear, homogeneous,
viscous anisotropic liquid defines by the equation (see e.g. /1/)

5ij=_P6ij+r|ithvq"h (1)
(Musng = Nsing = Nijgn = Mgiz» Vq = 0/9%g)
where o;; is the stress tensor, p is the pressure, vy, is the velocity and w;;q is the tensor
of viscosity coefficients with the idicated symmetry properties.

We can separate from the tensor of viscosity coefficients wijnq a part corresponding to
an isotropic fluid with viscosity coefficient 1q

Miing =" Oindig + 8ig8in) +Lijng @
Henceforth we shall regard the anisotropic term §;,, as small, and this will make it
possible to express the particle resistance coefficients in the form of an expansion in terms
of the small parameter ;. We will restrict ourselves to determining the first-order

correction to the resistance coefficient of a spherical particle in translational motion.
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